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The results of the muon-spin rotation experiments on BCS superconductors NbB2+x �x=0.2 and 0.34� are
reported. Both samples, studied in the present work, exhibit rather broad transitions to the superconducting
state, suggesting a distribution of the volume fractions with different transition temperatures �Tc’s�. By taking
these distributions into account, the dependence of the inverse squared zero-temperature magnetic penetration
depth ��0

−2� on Tc was reconstructed for temperatures in the range 1.5 K�Tc�8.0 K. �0
−2 was found to obey

the power law dependence �0
−2�Tc

3.1�1� which appears to be common for some families of BCS superconduct-
ors as, e.g., Al doped MgB2 and high-temperature cuprate superconductors as underdoped YBa2Cu3O7−�.
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I. INTRODUCTION

The search for universal correlations between physical
variables, such as transition temperature, magnetic field pen-
etration depth, electrical conductivity, energy gap, Fermi en-
ergy etc. may provide hints towards a unique classification of
different superconductors. In particular, establishing of such
correlations may help to understand the phenomenon of su-
perconductivity, that is observed now in quite different sys-
tems, such as simple metals and alloys, fullerenes, molecular
metals, cuprates, cobaltites, borides, etc. Among others, there
is a correlation between the transition temperature �Tc� and
the inverse squared zero-temperature magnetic field penetra-
tion depth ��0

−2�, that generally relates to the zero-
temperature superfluid density ��s� in terms of �s��0

−2. In
various families of underdoped high-temperature cuprate su-
perconductors �HTS’s� there is the empirical relation Tc��s
��0

−2, first identified by Uemura et al.1,2 It was recently
shown, however, that for HTS’s with highly reduced Tc’s the
direct proportionality between Tc and �0

−2 is changed to a
power law kind of dependence with �Tc�n��0

−2 �n is the
power law exponent�. In experiments on highly underdoped
YBa2Cu3O7−�, Zuev et al.3 obtained n=2.3, Liang et al. re-
ported n=1.6,4 while Sonier et al.5 found n=2.6–3.1. In mo-
lecular superconductors Pratt and Blundell obtained n=2 /3.6

From the theoretical point of view, it was shown that in
systems obeying 2D or 3D quantum superconductor to insu-
lator transition, n�1 or n�2, respectively.7–10

It should be emphasized, however, that the relation be-
tween Tc and �0

−2 is not yet established for BCS supercon-
ductors and still awaits to be explored. A good candidate to
search for such a relation could be NbB2+x. Superconductiv-
ity in NbB2+x, similar to MgB2, is most likely mediated by
phonons. It is confirmed in nuclear magnetic resonance11

�NMR� and tunnelling experiments,12,13 as well as by recent
calculations of the elastic properties.14 Moreover, muon-spin
rotation ��SR� experiments suggest that the superconducting
gap is isotropic.15 As is shown in Refs. 16 and 17 supercon-

ductivity in NbB2 can be induced by either increasing boron
or decreasing niobium content, while the parent NbB2 com-
pound is not superconducting at least down to 2 K. The tran-
sition temperature was found to reach the maximum value of
9.2 K and 9.8 K for Nb0.9B2 and NbB2.34, respectively.16,17

This offers a possibility to study the relation between Tc and
�0

−2 as a function of boron and/or niobium content. In the
present study the temperature dependence of the magnetic
field penetration depth was measured for two NbB2+x

samples with x=0.2 and 0.34 by means of transverse-field
muon-spin rotation. It was found that in both samples the
distribution of the superconducting volume fractions with
different Tc’s can be well approximated by a Gaussian dis-
tribution. The mean values of the superconducting transition
temperature �Tc

m� and the width of the distribution ��Tc�
were found to be Tc

m=6.02�3� K, �Tc=0.96�2� K for NbB2.34

at �0H=0.1 T, and Tc
m=3.40�4� K, �Tc=1.06�2� K for

NbB2.2 at �0H=0.05 T. Within the model, developed for a
granular superconductor of moderate quality, we reconstruct
the dependence of the zero-temperature superfluid density
�s��0

−2 on the transition temperature Tc. It was found that in
the range of 1.5 K�Tc�8.0 K �0

−2 follows a power law de-
pendence, rather than a linear dependence reported by Tak-
agiwa et al.,15 with �0

−2�Tc
3.1�1�. The value of the power law

exponent 3.1�1� agrees rather well with n=2.6–3.1 reported
by Sonier et al.5 for underdoped HTS’s YBa2Cu3O7−�.

The paper is organized as follows. In Sec. II A we de-
scribe the model used to obtain the temperature dependence
of the magnetic field penetration depth for a granular super-
conductor having a certain distribution of the superconduct-
ing volume fractions. The distributions of the local magnetic
fields, calculated within the framework of this model, are
presented in Sec. II B. In Sec. III we describe the sample
preparation procedure and details of the muon-spin rotation
and magnetization experiments. Section IV comprises stud-
ies of the magnetic penetration depth in NbB2.2 and NbB2.34
superconductors. The conclusions follow in Sec. V.
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II. THEORETICAL BACKGROUND

A. Magnetic penetration depth in a granular superconductor
of moderate quality

In this section we describe the model applied to calculate
temperature dependence of the magnetic field penetration
depth � in a granular superconductor of moderate quality by
using the �SR data. The analysis is based on a general as-
sumption that � can be obtained from the second moment of
the local magnetic field distribution �P�B�� inside the super-
conducting sample in the mixed state measured directly in
�SR experiments. The model uses the following assump-
tions: �i� The superconducting grains are decoupled from
each other. �ii� Each grain i is a superconductor with a cer-
tain value of the transition temperature �Tc

i � and the zero-
temperature magnetic penetration depth ��0

i �. �iii� The zero-
temperature superconducting gap ��0� scales with Tc in
agreement with the well-known relation �0 /kBTc=const,18

implying that the ratio R=�0
i /kBTc

i is the same for all the
grains. Note that a linear decrease of both superconducting
energy gaps ��	 and�
� with decreasing Tc was observed
recently by Gonelli et al.19 in Mn doped MgB2. The similar
linear �0 vs. Tc scaling was reported by Khasanov et al.20 for
RbOs2O6 BCS superconductor.

Let us first define variables and functions used within the
model. Function ��t� describes the distribution of the super-
conducting volume fractions with different transition tem-
peratures Tc’s. It is defined so that the volume fraction of the
sample, having transition temperatures in the range between

Tc
i and Tc

j , is obtained as �
Tc

i
Tc

j

��t�dt. The distribution of the

local magnetic fields in the ith grain is described by the
function Pi�B�, which for an ideal superconductor has rather
asymmetric shape �see Fig. 1�a��. The function f�t� describes
the dependence of the inverse squared magnetic penetration
depth �−2 at T=0 on Tc ���0

i �−2= f�Tc
i ��. The dependence of �i

on temperature was assumed to follow the standard equation
for weak coupled BCS superconductor �see, e.g., Eq. �2-111�
in Ref. 18�:

��i�T��−2 = ��0
i �−2s�T,�0

i � = f�Tc
i �s�T,kBR · Tc

i � , �1�

with the temperature dependent part

s�T,�0
i � = 1 + 2�

�i�T�

� � �F

�E
	 E

E2 − �i�T�2

dE .

Here, F= �1+exp�E /kBT��−1 is the Fermi function, �i�T�
=�0

i �̃�T /Tc
i � represents the temperature dependence of the

energy gap, and �0
i =2RkBTc

i denotes the zero temperature
value of the superconducting gap. For the normalized gap

�̃�T /Tc� the values tabulated in Ref. 21 were used. Finally,
the temperature dependence of the total second moment of
the local magnetic field distribution in the superconducting
sample was obtained as

��B2�tot =
	2


�
2 = �

T

� �
0

�

��t�P�B�,t��B� − Bm�2dt dB�.

�2�

Here, 
�=2
�135.5342 MHz /T is the muon gyromagnetic
ratio, 	2 is the second moment of the �SR line, and Bm is the
mean internal field inside the superconducting sample.

As will be shown later, in transverse-field �SR experi-
ments one obtains directly �i� the distribution of the super-
conducting volume fractions with different Tc’s ���Tc��, �ii�
the temperature dependence of the mean internal field Bm�T�,
and �iii� the temperature dependence of the second moment
of the �SR line 	2�T�. By substituting ��Tc� and Bm�T� to

FIG. 1. �Color online� P�B� distributions calculated by means of
Eq. �10� at Tc

m=6 K, �0�Tc
m�=60 nm, �=1.67, and Bex=0.1 T for

the following values of �Tc: �a� 0.0 K, �b� 0.2 K, �c� 1.0 K, and �d�
2 K. The dashed, solid, and dotted lines in �b�, �c�, and �d� represent
the ��Tc

i �Pi�B� term for Tc
i =Tc

m−�Tc, Tc
i =Tc

m, and Tc
i =Tc

m+�Tc,
respectively. See text for details.
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Eq. �2� and then fitting it to the experimental 	�T� data, one
should be able to obtain the distribution of the zero-
temperature superfluid density �s��0

−2 as a function of the
transition temperature Tc and the ratio R=�0 /kBTc. In order
to do that one needs, however, to calculate Pi�B� distribu-
tions which depend on the applied field �Bex�, �i, and the
coherence length ��i� in a nontrivial way. This makes fit of
Eq. �2� to the experimental data extremely difficult. The
analysis can be simplified by assuming that each Pi�B� fol-
lows the Gaussian distribution and is determined, therefore,
by the only two parameters: The second moment of the
Gaussian line

��B2� = �	/
��2 = G2�b����−4,

and the internal field of the ith grain �Bi�. Here, b=B /Bc2 is
the reduced magnetic field �Bc2 is the second critical field�
and G�b� is the proportionality coefficient between 	 /
�

=
��B2� and �−2 which can be obtained by means of Eq.
�13� from Ref. 22 as

G�b� = 0.172
�0

2

�1 − b��1 + 1.21�1 − 
b�3� �3�

��0 is the magnetic flux quantum�. Here we also take into
account that within Ginzburg-Landau theory �=
�0 /2
Bc2.
The internal field of the ith grain was calculated within the
London approximation modified by Brandt:22

Bi = Bex − �1 − Di�
�0

8
��i�2 ln�g�bi��


 Bex − �1 − Dm�
�0

8

f�Tc

i �s�T,kBRTc
i �ln�g�bm�� , �4�

where

g�b� = 1 +
1 − b

b
�0.357 + 2.890b − 1.581b2� ,

bi=Bi /Bc2
i , and bm=Bm /Bc2

m . Bc2
i and Di are the second criti-

cal field and the demagnetization factor of the ith grain, and
Dm and Bc2

m are the mean values of the demagnetization fac-
tor and the second critical field, respectively. In the last part
of Eq. �4�, we also replaced Di and bi by their average values
Dm and bm �it is clear, that in the intermediate range of fields
and for temperatures not very close to Tc, bi
bm�.

The advantage to use Gaussian Pi�B� is that the contribu-
tion of the ith line to the total second moment can be ob-
tained analytically as23,24

��B2�i = �	i/
��2 + �Bi − Bm�2


 G2�bm���i�T��−4 + �Bi − Bm�2. �5�

By substituting it in Eq. �2� one gets

��B2�tot =
	2


�
2 = �

T

�

��t���B2�dt . �6�

Later on we are going to use this equation in order to fit the
experimental �SR data. We want to recall that the total sec-
ond moment ��B2�tot obtained by means of Eq. �6� is deter-

mined by �i� the function f�Tc� that describes the distribution
of �0

−2 as a function of Tc �see Eq. �1��, �ii� the function ��Tc�
describing the distribution of the superconducting fractions
with different Tc’s, �iii� the gap to Tc ratio R=�0 /kBTc �see
Eq. �1��, and �iv� the mean values of the demagnetization
factor Dm and the reduced magnetic field bm �see Eqs. �4�
and �5��.

Note that in real experiments on polycrystalline samples
with sharp transition to the superconducting state, P�B� often
obeys a Gaussian distribution �see, e.g., Refs. 23 and 25�.
The reason is that the vortex lattice within the small super-
conducting grain does not remain regular. It is distorted due
to effects of pinning inside the grain, as well as, near the
edges of the grain due to closeness of vortices to the surface.
As shown by Brandt,26 even small pinning leads to substan-
tial smearing of the characteristic features of the ideal P�B�
line and, in a case of intermediate pinning, to the Gaussian
shape of P�B�. We should emphasize, however, that even in a
case of distorted vortex lattice, the second moment of P�B� is
still a good measure of �.26

B. Magnetic field distribution in a granular superconductor of
moderate quality

In this section we are going to simulate the internal mag-
netic field distribution P�B� within the above described
model. As a first step it is necessary to choose a theoretical
model describing the spatial variation of the local internal
magnetic fields in the vortex lattice �B�r��, from which the
distribution of the fields in the ith grain can be obtained as

Pi�B� =
� ��B − B��dA�B��

� dA�B��
. �7�

Here, dA�B�� is an elemental piece of the vortex lattice unit
cell where the magnetic field is equal to B� and the unit cell
has a total area of �dA�B��. B�r� was calculated by using an
iterative method for solving the Ginzburg- Landau equations
developed by Brandt.22 This method allows to accurately de-
termine B�r� for arbitrary b, �=� /� and the vortex lattice
symmetry �see Refs. 22, 27, and 28 for details�. It was also
assumed that the distribution of the superconducting volume
fractions with different Tc’s is described by a Gaussian dis-
tribution:

��Tc
i � =

1

�Tc

2


exp�−
�Tc

i − Tc
m�2

2�Tc
2 	 �8�

�Tc
m and �Tc are the mean value and the width of the distri-

bution, respectively�, �0
−2 follows the power law:

�0
−2�Tc

i � = �KTc
i �n �9�

with the exponent n=2, and �i=�i /�i=const.29 As is men-
tioned already in the introduction, the power law dependence
of �0

−2 on Tc is observed for various HTS’s �Refs. 1–5� and
molecular superconductors,6 as well as obtained theoretically
for materials having 2D or 3D quantum superconductor to
insulator transition.7–10
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As initial parameters for calculations we took Tc
m=6 K,

Bex=0.1 T, Dm=1 /3, �0�Tc
m�=60 nm, and �=1.67. The re-

sulting field distribution P�B� was obtained as

P�B� = �
i

N

��Tc
i �Pi�B� . �10�

Calculations were done for N=60 in the region �3�Tc
around Tc

m. Figure 1 shows P�B� distributions for �Tc

=0.0 K, 0.2 K, 1.0 K, and 2.0 K obtained by means of Eq.
�10�. The lines in �b�, �c�, and �d� represent the ��Tc

i �Pi�B�
term for Tc

i =Tc
m−�Tc �dashed line�, Tc

i =Tc
m �solid line�, and

Tc
i =Tc

m+�Tc �dotted line�. It is seen that the shape of P�B�
changes dramatically with increasing width of the ��Tc� dis-
tribution. For small �Tc �when transition to the supercon-
ducting state is very sharp� P�B� is asymmetric with the
highest weight around the point corresponding to the so-
called “saddle point” field Bsad �see Figs. 1�a� and 1�b��. It is
also seen that all the characteristic features of P�B� at mini-
mum �Bmin�, maximum �Bmax�, and “saddle point” fields are
smeared out �see Fig. 1�b��. Note that the simulated P�B�
presented in Fig. 1�b� looks very similar to what is observed
in �SR experiments on high-quality single crystals.30,31 With
a further increase of �Tc the P�B� distribution becomes
rather symmetric and, finally, asymmetric again, but now
with the maximum weight around the external field Bex
=0.1 T and a very long tail at lower fields. It is interesting to
note that the parts of the sample with the lowest Tc’s are
responsible for the peak appearing slightly below the exter-
nal field, as is seen in Figs. 1�c� and 1�d�. The reason is the
decrease of Pi�B� width and the shift of Bi toward Bex with
increasing �i.

To summarize, in Sec. II we described the model allowing
to obtain the distribution of the internal magnetic fields in a
granular superconducting sample of moderate quality and
calculated the second moment of this distribution. Within the
framework of this model we also simulated P�B� profiles for
materials with different width of the superconducting transi-
tion �Tc. It is remarkable that already small �Tc leads to
smearing of the characteristic features of P�B� distribution
near Bmin, Bsad, and Bmax characteristic fields. Even though
this result is quite predictable, it has an important impact,
since previously smearing of P�B� was ascribed entirely for
the effects of pinning �see, e.g., Ref. 31�.

III. EXPERIMENTAL DETAILS

Details of the sample preparation for NbB2+x can be found
elsewhere.16 Both samples NbB2.2 and NbB2.34, studied in the
present work, were fine powders with the average grain size
of the order of few microns. The field-cooled 0.5 mT mag-
netization �MFC� measurements for NbB2.2 and NbB2.34

samples were performed by using a SQUID magnetometer.
The corresponding MFC�T� curves are shown in Fig. 2. It is
seen that the superconducting transitions are rather broad in-
dicating that both samples are not particularly uniform. This
also implies that the superconducting critical temperatures
may be evaluated only approximately. The middle-points of

transitions correspond to 
9.16 K and 
3.60 K, while lin-
ear extrapolations of MFC�T� curves in the vicinity of Tc to
M =0 result in 9.76 K and 4.79 K for NbB2.2 and NbB2.34,
respectively �see Fig. 2�.

The transverse-field �SR experiments were performed at
the 
M3 beam line at the Paul Scherrer Institute �Villigen,
Switzerland�. The powders of NbB2.2 and NbB2.34 were cold
pressed into pellets �12 mm diameter and 2 mm thick�. The
samples were field cooled in �0H=0.05 T �NbB2.2� and
0.1 T �NbB2.34�, applied perpendicular to the flat surface of
the pellet, from above Tc down to 1.7 K. The fields 0.05 T
and 0.1 T were chosen in order to perform measurements at
the same reduced magnetic field B /Bc2
0.4 �Bc2 is the up-
per critical field�.32 The �SR signal was observed in the
usual time-differential way by counting positrons from de-
caying muons as a function of time in positron telescopes.
The time dependence of the positron rate is given by the
expression33

dN�t�
dt

= N0
1

��

e−t/���1 + AP�t�� + bg , �11�

where N0 is the normalization constant, bg denotes the time-
independent background, ��=2.197 03�4��10−6 s is the
muon lifetime, A is the maximum decay asymmetry for the
particular detector telescope �A
0.18–0.19 in our case�, and
P�t� is the polarization of the muon ensemble:

P�t� =� P�B�cos�
�Bt + ��dB . �12�

Here, � is the angle between the initial muon polarization
and the effective symmetry axis of a positron detector. P�t�
can be linked to the internal field distribution P�B� by using
the algorithm of Fourier transform.33 The P�t� and P�B� dis-
tributions inside the NbB2.34 at T=1.7 K after field-cooling
in a magnetic field of 0.1 T are shown in Figs. 3�a� and 3�c�.

FIG. 2. �Color online� Temperature dependences of the field-
cooled magnetization �MFC� for NbB2.2 and NbB2.34 samples mea-
sured at �0H=0.5 mT. The solid lines are the best linear fits to the
steepest part of MFC�T� curves and M =0.

KHASANOV et al. PHYSICAL REVIEW B 77, 064506 �2008�

064506-4



The P�B� distributions were obtained from measured P�t� by
using the fast Fourier transform procedure based on the
maximum entropy algorithm.34 In order to account for the
field distribution seen in Fig. 3�c�, the �SR time spectra were
fitted by two Gaussian lines:

P�t� = �
i=1

2

Ai exp�− 	i
2t2/2�cos�
�Bit + �� , �13�

where Ai, 	i, and Bi are the asymmetry, the Gaussian relax-
ation rate and the first moment of the ith line. At T�8 K for
NbB2.34 and T�4.5 K for NbB2.2 the analysis is simplified to
the single line only with 	nm
0.3 �s−1 resulting from the
nuclear moments of the sample. Eq. �13� is equivalent to the
field distribution:24

P�B� = 
��
i=1

2
Ai

	i
exp�−


�
2 �B − Bi�2

2	i
2 	 . �14�

The solid line in Fig. 3�a� represent the best fit with the
two-Gaussian lines to the muon-time spectra. The corre-
sponding P�B� is shown in Fig. 3�c�. It should be mentioned
that the two-Gaussian fit can satisfactory describe the experi-
mental data. For both samples and in the whole range of
temperatures the normalized �norm

2 ’s were found to be close
to the unity implying a good quality of fits.

IV. RESULTS AND DISCUSSIONS

Results for NbB2.2 and NbB2.34, obtained from the fit of
experimental data by means of Eq. �13�, are summarized in
Fig. 4. Distributions of the local fields, at temperatures
marked by the arrows, are shown in the upper panels of Figs.
4�a� and 4�d�. The broad lines reflect contributions of the
superconducting parts of samples. Indeed, their asymmetries
Asc �Figs. 4�c� and 4�f�� and relaxation rates 	sc �Figs. 4�c�

and 4�f�� increase while first moments Bsc �Figs. 4�b� and
4�e�� decrease with decreasing temperature, as expected for a
superconductor in a mixed state �see, e.g., Ref. 35�. The nar-
row lines describe contributions from parts of the samples
being in the normal state. The slight shift of these lines to
higher fields �Figs. 4�b� and 4�e�� and the small increase of
relaxations �Figs. 4�c� and 4�f�� are associated with the dia-
magnetism of the superconducting grains leading to increase
of the local fields in the nonsuperconducting parts of the
sample. Such behavior is often observed in samples with less
than 100% superconducting volume fraction �see, e.g., Refs.
24 and 36�.

In Fig. 5 we plot temperature dependences of the super-
conducting components Asc and 	sc. The 	sc values presented
in Fig. 5 are corrected for the nuclear moment contribution
	nm which was subtracted in quadrature �see, e.g., Ref. 24�.
It is seen �Fig. 5�a�� that superconductivity does not disap-
pear abruptly. The superconducting fraction decreases con-
tinuously from their maximum value to zero with tempera-
ture rising from 4 to 8 K for NbB2.34 and from 1.5 K to
5.5 K for NbB2.2. The solid lines in Fig. 5�a� correspond to
fits of Asc�T�, assuming that the distribution of the supercon-
ducting volume fractions with different Tc’s ���Tc�� follows
the Gaussian distribution �see Eq. �8�� and, consequently,

Asc�T� = Asc
m�

T

�

��t�dt . �15�

Here, Asc
m is the mean value of the superconducting asymme-

try at low temperatures. The fits yield Tc
m=6.02�3� K, �Tc

=0.96�2� K, and Asc
m =0.170�5� for NbB2.34, and Tc

m

=3.40�4� K, �Tc=1.06�2� K, and Asc
m =0.128�7� for NbB2.2.

By taking into account that the total asymmetries �Asc+An�
were found to be 
0.19 for NbB2.34 and 
0.18 for NbB2.2
�dotted lines in Figs. 4�a� and 4�d��, the superconducting
volume fractions at T=0 were estimated to be 
85% and

70% for NbB2.34 and NbB2.2, respectively.

The samples used in our �SR experiments were cold
pressed powders. In this case the individual grains are ex-
pected to be only weakly coupled. This implies that the
model, described in Sec. II A, can be applied for the particu-
lar NbB2.2 and NbB2.34 samples studied in the present work.
All the variables and functions needed for such calculations
as, e.g., the distribution of the superconducting volume frac-
tions with different Tc’s ���Tc� – dashed red and blue lines in
Fig. 5�a��, the temperature dependences of the square root of
the second moment �	sc�T�=
�
��B2��T�, see Fig. 5�b�� and
the mean field �Bsc�T�=Bm�T�, see Figs. 4�b� and 4�e�� are
directly obtained in the experiments. The only unknown pa-
rameter is the demagnetization factor Dm which enters Eq.
�4�. We should mention, however, that it is not correct to
assume that Dm is equal to the some average demagnetiza-
tion factor for all the grains as, e.g., Dm=1 /3 for grains of
spherical symmetry. The reason for that is the following. The
individual grains have different internal magnetic fields and,
therefore, will show a different diamagnetism. As a conse-
quence, the internal field in the particular grain is determined
by the diamagnetism of the grain itself, by the demagnetiza-
tion field of the whole sample and by the fields from the

FIG. 3. �Color online� �a� Muon-time spectra, �b� difference
between the two-Gaussian fit and experimental data, and �c� internal
field distributions for NbB2.34 sample at T=1.7 K after field cooling
in magnetic field of 0.1 T. The lines in �a� and �c� represent the best
fit with the Gaussian line shapes. See text for details.
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other superconducting grains surrounding it. This problem
was already discussed by Weber et al. in Ref. 23. According
to their calculations for the grains of spherical symmetry the
factor 1−Dm in Eq. �4� should be replaced with �see Eq. �36�
in Ref. 23�

1 − Dm 
 2/3 − �Dp − 1/3��p/�G. �16�

Here, Dp is the demagnetization factor of the whole sample,
and �p and �G are the effective volume density and the x-ray
density of the sample, respectively. For the experimental ge-
ometry �thin disk in perpendicular magnetic field� Dp
1.
Assuming now that the density of the pellet is twice as small
as the x-ray density of the material ��G /�p=2� we get 1
−Dm
0.3. At this stage we are not going to estimate the
value of 1−Dm more precisely. As is shown below, it can be
obtained self consistently from the fit of Eq. �6� to the ex-
perimental data.

The demagnetization factor Dm enters Eq. �6� via the term
��B2�i that, in its turn, is a sum of G2�b���i�T��−4 and �Bi

−Bm�2 �see Eq. �5��. The term �Bi−Bm�2, which depends on
Dm, is responsible for the correction to ��B2�i appearing due
to the shift of the internal field of the ith grain from the mean
internal field Bm �see Eq. �5��. It is clear, that during fit of Eq.
�6� to the experimental data, contribution of �Bi−Bm�2 term
to ��B2�tot needs to be minimized �Bm should become the
first moment of the resulting P�B� distribution�. We used,
therefore, an iterative approach. During the fit, both 	sc�T�
data sets for NbB2.2 and NbB2.34 samples were fitted simul-
taneously. The dependence of �0 on the transition tempera-
ture was assumed to be described by the power law �0

−2

= �KTc�n �see Eq. �9� and Refs. 3–10�. In a first step, 1−Dm

was assumed to be equal to 0.3 �see above� and Eq. �6� was
fitted to the data with the proportionality factor K, the power
law exponent n, and the gap to Tc ratio R=�0 /kBTc as free
parameters. In a second step, the values of K, n, and R,
obtained in the step one, were substituted back to Eq. �6� and

FIG. 4. �Color online� Temperature dependences of �a�/�d� asymmetries �Asc ,An�, �b�/�e� internal fields �Bsc ,Bn�, and �c�/�f� the muon-
spin depolarization rates �	sc ,	n�, obtained from the fit of �SR time spectra by means of Eq. �13� for NbB2.34 /NbB2.2 after field cooling in
a magnetic field of 0.1 T /0.05 T. The indexes “sc” and “n” denote the normal and the superconducting state components. The dotted lines
in �a�/�d� and �b�/�e� represent the total muon asymmetry �Asc+An� and the external field value �Bex�, respectively. In the upper panels of �a�
and �d� the P�B� distributions at temperatures marked by the arrows are shown. The red and the blue dotted lines represent the supercon-
ducting �broad� and the normal state �narrow� components obtained from the fit by means of Eq. �13�. The solid line corresponds to the sum
of these two components.
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the second term �Bi−Bm�2 entering ��B2� in Eq. �6� was
minimized with the only free parameter Dm. Then the whole
cycle was repeated by using as initial parameter the newly
obtained Dm value. After three iterations the fit already con-
verges. The fit yields K=1.24�3��10−2 nm−2/n K−1, n
=3.1�1�, R=1.68�3�, and 1−Dm=0.24�2�. The open and the
filled black circles in Fig. 5�b� represent the result of the fit
of Eq. �6� to the data.

Three important points emerge.
�i� The value of R=�0 /kBTc=1.68�3� obtained from the fit

is very close to the weak-coupling BCS value 1.76 and
�0 /kBTc=1.55 obtained by Kotegawa et al.11 in 11B NMR
experiments. It is, however, much smaller than �0 /kBTc
=2.15–2.25 reported by Ekino et al.13 in tunneling experi-
ments.

�ii� The value of 1−Dm=0.24�2� was found to be rather
close to 0.3 roughly estimated from Eq. �16�.

�iii� For each particular data set the �0
−2 vs. Tc dependence

can be reconstructed only for Tc’s in the range Tc
l �Tc�Tc

h

�Tc
h and Tc

l denote the temperatures at which the supercon-
ducting fraction achieves the maximum value and vanishes,
respectively�. Figure 5�a� reveals that the corresponding re-

gions are from 
4 K to 
8 K and from 
1.5 K to 
5.5 K
for NbB2.34 and NbB2.2, respectively. Bearing in mind that fit
by means of Eq. �6� was performed for both NbB2.34 and
NbB2.2 data sets simultaneously, we can thus conclude that
the relation �0

−2�Tc
3.1�1�is valid at least for temperatures in the

region from 
1.5 K to 
8 K.
In Fig. 6 we plot Tc vs. �0

−2 dependence obtained from the
fit of NbB2.34 and NbB2.2 data. The gray area represents the
region where �0

−2= ��1.24�0.03��10−2Tc�3.1�0.1. The dotted
line corresponds to �0

−2= �1.24�10−2Tc�3.1. The dashed blue
and the dot-dashed red lines represent the range of the tran-
sition temperatures where Tc vs. �0

−2 dependences were re-
constructed for NbB2.2 and NbB2.34, respectively. For clarity,
these lines are shifted by 0.05 K above and below the central
�1.24�10−2Tc�3.1 line. We also include in this graph data
points for NbB2+x �x=0.0, 0.01, and 0.1� from Ref. 15. It is
seen that these samples have approximately twice as high
transition temperatures as one would expect from the ob-
tained Tc vs. �0

−2 dependence. On the base of our results, we
can argue that samples studied in Ref. 15 also have distribu-
tions of the superconducting volume fractions, similar to
what is observed in the present study. Without taking into
account these distributions, fit of 	sc�T� data can lead to a
substantial overestimate of the superconducting transition
temperature Tc. As an example, the star in Fig. 6 represents

FIG. 6. �Color online� Dependence of the transition temperature
�Tc� on the inverse squared zero-temperature magnetic penetration
depth ��0

−2� for NbB2+x. The gray area represents the region where
�0

−2= ��1.24�0.03��10−2 Tc�3.1�0.1. The dotted line corresponds to
�0

−2= �1.24�10−2 Tc�3.1. The dashed and the dash-dotted lines rep-
resent the range of transition temperatures where Tc vs. �0

−2 depen-
dences were reconstructed for NbB2.2 �1.5 K�Tc�5.5 K� and
NbB2.34 �4 K�Tc�8 K�. The lines are shifted by 0.05 K above
and below the central �1.24�10−2 Tc�3.1 line for clarity. The star is
the Tc vs. �0

−2 point obtained from the fit of 	sc�T� data for NbB2.2

by means of Eq. �1� when all the measured points are equally in-
cluded in the fit. The open circles are the data points from Ref. 15.
Values of ��0�−2 were obtained from 	sc�0� measured in a field
0.1 T and Hc2�0� �see Ref. 15� by using Eq. �13� from Ref. 22.

FIG. 5. �Color online� �a� Temperature dependences of the su-
perconducting asymmetries �Asc� for NbB2.34 and NbB2.2. The solid
lines are the fits of Asc�T� data by means of Eq. �15�. The dashed
lines represent the Gaussian distributions of the superconducting
volume fractions with different Tc’s ���Tc��. �b� Temperature de-
pendences of 	sc corrected to the nuclear moment contribution 	nm

for NbB2.34 and NbB2.2. The open and filled small black circles are
the fit of 	sc�T� by means of Eq. �6�. See text for details.
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result of the fit of Eq. �1� to 	sc�T� NbB2.2 data when all
measured points are taken equally into account.

Now we are going to comment shortly the observed Tc vs.
�0

−2 dependence. Recently, it was shown that the famous
“Uemura” relation, establishing the linear proportionality be-
tween Tc and �0

−2,1,2 does not hold for highly underdoped
HTS’s.3–5 Indeed, for YBa2Cu3O7−� Zuev et al.3 observed
�0

−2�Tc
2.3�4� and found that this power law is in fairly good

agreement with YBa2Cu3O7−� data in the whole doping
range. For the similar compounds Sonier et al.5 obtained
n=2.6–3.1. Those values are close to 3.1�1� obtained in the
present study for NbB2+x superconductor. The observation of
the power law type of relation between the transition tem-
perature Tc and the superfluid density in BCS superconductor
NbB2+x and their good correspondence to what is observed in
HTS’s points to close similarity between these materials. It,
probably, comes from the fact that the increase of Tc in
NbB2+x, similar to HTS, is determined by increasing the
charge carrier concentration.15,37 Indeed, the x-ray photoelec-
tron spectroscopy experiments of Escamilla and Huerta37

show that the increase of boron content leads to a decrease in
the contribution of the Nb 4d states and increase in the con-
tribution of the B 2p
 states to the density of states at the
Fermi level.

It is important to emphasize that the observation of a cor-
relation between Tc and �0

−2 in BCS superconductors is not
restricted to the particular NbB2+x system studied here. As an
example, in Fig. 7 we plot Tc /Tc

max as a function �0
−2 / ��0

max�−2

for Al doped MgB2 from Ref. 38. Here Tc
max is the maximum

Tc of a certain superconducting family and �0
max is the corre-

sponding zero temperature penetration depth. We also in-
clude on this graph points for YBa2Cu3O7−� from Ref. 5. It is
seen that all these superconductors represent the very similar
relations. The scaling relation for the BCS superconductors,
reported here, and their agreement with what was observed
in high-temperature cuprate superconductors3–5 strongly sug-
gests that there are some features of their electronic proper-
ties that are common, despite these materials have quite dif-
ferent dimensionality, Fermi surface topology, symmetry of
the superconducting order parameter etc.

V. CONCLUSIONS

Muon-spin rotation studies were performed on BCS su-
perconductors NbB2+x �x=0.2 and 0.34�. As a real space mi-
croscopic probe, �SR allows to distinguish between the su-
perconducting and nonsuperconducting parts of the samples
and determine the distributions of the superconducting vol-
ume fractions with different Tc’s. By using the model, devel-
oped for a granular superconductor of moderate quality, the
dependence of the zero-temperature superfluid density �s
��0

−2 on the transition temperature Tc was reconstructed in a
broad range of temperatures �1.5 K�Tc�8.0 K� revealing
�s��0

−2�Tc
3.1�1�. This dependence appears to be common at

least for some families of BCS superconductors as, e.g., Al
doped MgB2 and high-temperature cuprate superconductors
as, e.g., YBa2Cu3O7−�.
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